The amplitudes of K → πγ * → πe + e − and K → ππγ decays have been calculated within chiral Lagrangian approach including higher-order derivative terms and meson loops. The selfconsistency of the simultaneous description of the experimental data on the nonleptonic and radiative kaon decays have been demonstrated. We estimate the effects of "indirect" and "direct" CP -violation in K 0 L → π 0 e + e − decays and discuss CP -violating charge asymmetries in
The radiative kaon decays constantly attract the attention both of theoreticians and experimentalists as a possible alternative sources of the information on CP -violation in addition to K 0 → 2π decays. The question, if CP -noninvariant interactions do indeed give rise to the experimentally observable CP -noninvariant effects, is closely connected with the verification of effective chiral Lagrangians which are widely used now for the theoretical calculations of CP -conserving and CPviolating parts of kaon decay amplitudes. In this paper the radiative one-photon K → πγ * → πe + e − and K → ππγ decays are considered within the approach based on the bosonization of effective strong, weak, and electromagnetic-weak quark interactions. The main purpose of this paper is to continue the investigation of kaon decays with the bosonized effective meson Lagrangians which were used in our previous paper [1] for the description of nonleptonic kaon decays and for justification of the enhancement of CP -violating charge asymmetries in K → 3π decays. To check the possibility of selfconsistent description of nonleptonic and radiative kaon decays we used in this paper the values of Wilson parameters fixed in [1] from the analysis of the experimental data on K → 2π, K → 3π decays. First, we state the main definitions and assumptions, and display all parameters entering the calculations. Then, in Section 2, the bosonized weak and electromagnetic-weak currents will be applied for the description of form factors of semileptonic and radiative semileptonic decays K, π → πlν, K, π → lνγ, K, π → πlνγ. In Section 3 from chiral Lagrangians with higher-order derivative terms and additional higher-order s-quark mass corrections, including meson loops and electromagnetic penguins, the form-factors of K → πγ * transitions for charged and neutral kaons are calculated.
The "indirect" and "direct" CP -violation in K 0 L → π 0 γ * → π 0 e + e − decays are also estimated in the dependence on top quark mass. The decays K → ππγ are considered in Section 4 where we calculate the inner bremsstrahlung and direct emission parts of amplitudes and estimate their contributions to the branching ratios and spectrums of the center-of-mass γ energy for K + → π + π 0 γ and K 0 L → π + π − γ channels. The CP -violating charge asymmetries in K ± → π ± π 0 γ decays are estimated and the suppression of these effects is also discussed.
Lagrangians and currents
The effective Lagrangian describing nonleptonic weak interactions with strangeness change |∆S| = 1 is given on the quark level by [2, 3, 4] :
Here G = √ 2 G F sin θ C cos θ C is the weak coupling constant; c i are Wilson coefficient functions which may be calculated in the QCD leading-log approximation, depending then explicitly on the renormalization scale µ. The terms O i are the four-quark operators consisting of products of leftand/or right-handed quark currents:
Here q L,R = The bosonized version of the effective Lagrangian (1) can be expressed in the form [5] : Lµ + iJ
Here J a L/R µ and J a L/R are bosonized (V ∓ A) and (S ∓ P ) meson currents corresponding to the quark currentsqγ µ
, respectively (λ a are the generators of the U (3) F flavor group);
where the color factor 1/N c originates from the Fierz-transformed contribution to the nonleptonic weak effective chiral Lagrangian [5] .
Using the bosonization procedure described in [5] the meson currents in eq.(3) can be derived from the various parts of the effective Lagrangian of strong interactions arising from the divergent and finite parts of quark determinant in QCD-motivated chiral quark model [5, 6] :
Here U = Ω 2 , Ω = exp
, where Φ =
a=1 λ a ϕ a is the matrix of pseudoscalar meson fields ϕ a , and F 0 being the (bare) decay constant of the π → µν decay. F (±) µν are external field strength tensors defined as F
, and the covariant derivatives are defined as
The interaction with electromagnetic field A µ can be introduced into chiral Lagrangians by using the substitution 
<qq >, where <qq > is the quark condensate. Here we restrict ourselves to terms up to order m 0 . The Goldberger-Treiman current quark mass splitting can be taken into account in the bosonized Lagrangians (5)-(7) using substitution U → U = U + m 0 /m.
We introduced also in (7) the factors Z 9,10 to distinguish explicitly two terms which correspond to the terms with the structural constants L 9,10 of the Gasser-Leutwyler [7] representative form for effective chiral Lagrangian with fourth-order derivative terms. For convenience, the factors Z 9,10 are defined in a such way that
are the standard values of L 9,10 obtained from the direct calculation of the quark determinant. The corresponding meson currents have the form in the pseudoscalar sector [5] :
Here we write down only the terms relevant for the description of the decays under consideration in the present paper.
, containing the electromagnetic field strength tensor F µν = ∂ µ A ν − ∂ ν A µ , describe the electromagnetic-weak transitions with the emission of "structural" photons. These currents originate from the so called "nonminimal" part L Taking into account the additional Goldberger-Treiman contribution to F K,π arising from current quark mass splitting
the value F 0 = 89.8 MeV can be obtained. Similarly, by applying the bosonization procedure [5] to the anomalous Wess-Zumino part of the effective meson Lagrangians [8] , which is related to the phase of the quark determinant, one obtains the Wess-Zumino electromagnetic-weak current
where
Form factors of semileptonic and radiative semileptonic decays
The currents (9,11) describe, in particular, the decays K, π → πlν. The hadronic part of the corresponding matrix elements usually is parameterized in the form
where k and p are the 4-momenta of the decaying and final mesons. The form factors f ± depend on the invariant variable t = (k − p) 2 and can be written including terms up to order of m 0 q as
For the standard parameterizations of K ± l3 form factors
which are in good agreement with experiment [9] :
The electromagnetic-weak currents (13) and (15) describe the vector and axial-vector form factors of the semileptonic radiative meson decays K, π → lνγ and K, π → πlνγ. The form factors of the decay K, π → lνγ are defined by the corresponding parameterization of the amplitude
where k is the 4-momentum of the decaying meson, q and ε are the 4-momentum and polarization 4-vector of the photon. The form factors F V,A can be written including terms up to order of m 0 q as
The theoretical value of the ratio γ ≡ F A /F V = 1 arising from (17) in the chiral symmetry limit (m 0 = 0) is seemingly in disagreement with the experimental results on the ratio γ from π → eνγ decay: γ = 0.25 ± 0.12 [10] , 0.41 ± 0.23 [11] .
Clearly, m 0 -corrections are too small to improve the description of the experiments. This problem can be solved if one takes into account πA 1 -mixing, arising from covariant divergences (8) in the kinetic part of the effective Lagrangian (5). The role of πA 1 -mixing was already discussed in ref. [12] where the linear realization of chiral symmetry was considered. The results of ref. [12] can be easily reproduced in nonlinear parameterization. Indeed the required field and decay constant redefinitions
necessary for removing πA 1 -mixing, lead in the pure pseudoscalar meson sector to a replacement of former covariant derivatives by the expressions
1 In general, this replacement breaks the nonlinear transformation properties of the covariant derivatives for pseudoscalar meson matrix U , so the redefinitions (18) can be treated only as some formal procedure for the simplification the meson amplitudes calculations with taking into account the intermediate πA 1 -mixing vertex. The bosonized nonlinear effective Lagrangian of strong interaction and weak and electromagnetic-weak currents for pseudoscalar sector, obtained from quark determinant after reducing vector and axial-vector degrees of freedom, will be considered in detail elsewhere in the special publication.
Here m 0 V and g 0 V are the bare mass and coupling constant of vector gauge field; the factor Z πA1 is determined by the relations
is the additional factor originating from the corresponding term of L (18) lead to the appearance the general factor Z 2 πA1 in the expression for the form factor F A and the ratio γ agrees with the experimental data on π → eνγ decay. In this way it proves to be possible to remove also the inselfconsistency in the description of ratio γ and pion polarizability which arises seemingly in the pseudoscalar sector of effective chiral Lagrangian with the terms corresponding to the structural constants L 9,10 , respectively Z 9,10 , of Gasser-Leutwyler representation [7] (see the detailed discussion of this problem, for example, in ref. [13, 14, 15] ).
The amplitude of K, π → πlνγ decay is parameterized as
where p is 4-momentum of π 0 in the final state. The corresponding form factors can be written in the same approximation as The basic condition for such experiments is that the contribution of the CP -violating one-photon exchange mechanism to the amplitude of this decay must exceed the competing background from the CP -allowed two-photon intermediate state.
It is convenient to parameterize the amplitude of the K(k) → π(p) e + (p + ) e − (p − ) decay in the following form:
where q = k − p = p + + p − is the 4-momentum of virtual photon and f K→πγ * is the dimensionless form factor of the K(k) → π(p)γ * (q) transition:
with ε µ being the photon polarization 4-vector. The width of K → πe + e − decay is connected with the form factor f K→πγ * by the relation
is the pion kinetic energy in the kaon rest frame (the electron and positron masses are neglected).
At the tree level it is obvious that bremsstrahlung emission of photons does not contribute to the fig.2a-c) . For the K + → π + γ * transition, the cancellation of diagrams of fig.2a-c originates from the general properties of gauge invariance and chiral symmetry. The bremsstrahlung emission of photons gives nonzero contributions to the transition K → πγ * only at the one-loop level [17] .
To simplify the meson loop calculations we used the method applied in ref. [17] where only those diagrams ( fig.2d ) which can lead to terms in the amplitudes proportional to q 2 (p+k) µ were considered.
The gauge invariant amplitude of K → πγ * transition can then be restored by subtraction from the results obtained from each corresponding one-loop diagram their values at q 2 = 0. To fix U Vdivergences, we used the results of special superpropagator regularization (SP ) method [22] which is particularly well-suited for treating loops in nonlinear chiral theories. The result is equivalent to dimensional regularization to one loop, the difference being that the scale parameter µ is no longer free but fixed by the inherent scale of the chiral theory, namely µ = 4πF 0 , and U V divergences have to be replaced by a finite term through the substitution.
where C = 0.577 is the Euler constant and ε = (4 − D)/2. It is worth noting that both at the tree and meson-loop level the involved diagrams are closely connected with the electromagnetic form factors of π and K mesons which play the dominant role in the description of the transitions K → πγ * . The electromagnetic squared radii are defined as coefficients of q 2 -expansion of the electromagnetic form factor f em M (q 2 ), M = π, K:
Being restricted only by pion loops one gets in the SP -regularization for the electromagnetic squared radii of π and K mesons [23, 24] 
Because the main contribution to this value arises from logarithm term, the kaon loop contributions, containing the small logarithm ln m K /(2πF 0 ) 2 , can be neglected. At the Born level the corresponding contributions to the electromagnetic squared radii of π and K mesons originate from the nonminimal p 4 -part of the effective Lagrangian (7):
The total values of electromagnetic squared radii corresponding to the sum of loop and Born contributions 
The one-loop contributions to amplitudes of K → πγ * transitions are given by
Unlike the bremsstrahlung emission, the structural photons give nonzero contribution in the tree approximation of diagrams of fig.2a -c: 
.
For simplicity, we restricted ourselves by including only the dominating m We have considered one-photon exchange mechanism of K + → π + e + e − decays owing to fourquark operators (2) . The other contribution to K → πe + e − decays arise from the electromagnetic penguin diagram of fig.3 generating two additional quark-lepton operators [27, 16, 19 ]
The operators O ′ 7,8 contribute to the amplitudes of K → πe + e − transition at the tree level:
where c 
(see eqs. (16)).
As the analysis of the Wilson coefficients of four-quark operators in leading-log approximation of QCD has shown, the main contribution to the absolute values of amplitudes of K + → π + e + e − and fixed as phenomenological parameters from the simultaneous analysis of K → 2π and K → 3π experimental data in [1] . The theoretical branching ratios of K → πe + e − decays corresponding to the central values of the parameters estimates given above are
and
The theoretical value of B K + → π + e + e − is in agreement with the experiment:
The experimental upper limit for
The relative contributions of tree and one-loop diagrams to the amplitudes f K→πγ * are shown in Table 1 . Our approach to fixation of U V divergences in meson loops calculation differs from the one of ref. [17] where two estimates for indirect CP -violating contribution to K 0 L → π 0 e + e − decay were obtained:
which correspond to the two possible values of renormalization scale w s arising as a free parameter of regularization procedure based on the usage of the fourth-order counterterms. The two values for the scale w s were then obtained from experimental data on K + → π + e + e − decay as the solutions of the corresponding quadratic equation. In a such approach the transitions K + → π + γ * and K 0 → π 0 γ * prove to be dominated by meson loops. As the analysis of the coefficients c i in leading-log approximation of QCD shows, the main contribution to direct CP violation comes from the penguin diagrams. If we neglect the contribution of electromagnetic penguin operators, the imaginary part of the coefficient c 5 , responsible for the direct CP violation, can be related with the parameter ε ′ , characterizing direct CP violation in K 0 → 2π decays, from the phenomenological analysis of nonleptonic kaon decays as [1] | Im c 5 | = 0.053
The corresponding branching ratio of direct CP -violating K 0 L → π 0 e + e − transition generated by operator O 5 is:
If we try to estimate the effect of electroweak four-quark penguin operator O 7,8 , the contribution of O 7 may be neglected in comparison to the dominant contribution of the operator O 8 . Because of the strong dependence of Im c 8 on the mass of the t-quark for m t ≥ 100 GeV on one hand, the contribution to direct CP violation from electroweak penguin operator becomes important for large m t . Using the dependence of the ratio η 8 (m t ) = Im c 8 / Im c 5 on m t , as derived in the papers [30, 31] , and repeating the phenomenological procedure of fixation Im c 5 described in [1] , we found the connection between the contribution of penguin four-quark operators
O5, 8 and ε ′ shown in Table 2 . In the case of electromagnetic quark-lepton penguin operators the contribution of O 
together with the total effect B(K
tot which also shown also in Table 2 .
K → ππγ decays
The amplitude of the decay K k → π 1 p 1 π 2 p 2 γ q contains two types of contributions
where T IB is the inner bremsstrahlung (IB) amplitude and T DE describes the emission of structural photon (direct emission, DE). The IB amplitudes are connected due to gauge invariance of the electromagnetic interaction with the corresponding amplitudes of K → ππ decays:
where ε is the photon polarization and
Here A 2 and A 0 give the K → ππ transition amplitudes into states with isospins I = 2, 0; δ 2 0 and δ 0 0 are the s-wave phases arising from ππ final-state interactions. The lowest multipole transitions lead to p-wave ππ states and the corresponding DE amplitudes can be represented by the sum of magnetic (M 1) and electric (E1) dipole transitions:
The h M1 and h E1 are the form factors of the magnetic and electric dipole contributions respectively of structural photon emission which have the corresponding properties under charge conjugation:
and δ 1 1 is the p-wave ππ scattering phase shift. The amplitudes A 2,0 and form factors h M1,E1 are the complex quantities with the imaginary parts defined by the direct CP violation.
In the case of the K + → π + π 0 γ decay the IB contribution is suppressed due to |∆I| = 1/2 rule because K + → π + π 0 decay is the pure |∆I| = 3/2 transition. On the other hand both |∆I| = 3/2 and
The suppression of IB amplitudes of
gives the possibility to extract the DE contribution from the experimental data on these processes. The study of the direct emission of photon in K → ππγ decays provides us with the important experimental information which is relevant not only to testing of the various chiral models but also to understanding of the mechanisms of CP -violation (see, for example, [32] - [38] and references therein).
At the Born level of the chiral theory the decays K → ππγ are described by the diagrams of fig.4 . The E1 DE transitions of K → ππγ decays originate from the contact diagram of fig.4a corresponding to the weak interaction (3) with the currents (9)- (14) . The current contributing to the contact diagram of fig.4a for M 1 DE transition is the Wess-Zumino electromagnetic-weak current of the eq. (15) . The (Φ 3 γ)-vertices in the pole diagrams of fig.4b ,c,d are described by the part of anomalous Wess-Zumino electromagnetic interaction
The magnetic and electric dipole form factors, corresponding to the diagrams of fig.4 , for the various channels of K → ππγ decays are
Here we restricted ourselves again for simplicity to the dominating m 
Because all dominating U V -divergent parts of meson-loop diagrams for K → 2πγ decays are completely absorbed by their IB-parts (see, for example, the corresponding remark in ref. [32] ) the residual contributions of finite part of one-loop diagrams to DE-amplitudes of K → 2πγ decays are small and can be neglected. The meson-loop corrections to IB-amplitudes of K → 2πγ decays can be taken into account simply by using the relations (21) and the results of one-loop calculations of K → 2π amplitudes with SP -regularization [1] .
The matrix element squared for K ± → π ± π 0 γ decay, concerning with the distributions summed over both photon polarization, can be presented as a sum
is the pure inner bremsstrahlung contribution;
are the contributions of magnetic and electric dipole transitions, respectively;
is the interference of the inner bremsstrahlung and electric dipole amplitudes (since the photon polarization is not measured, the magnetic dipole term does not interfere). Due to the charge conjugation properties (22) E1-transitions contribute into the decay K 
The results of the theoretical estimations of various contributions to the branching ratios for the channels of K → ππγ decay with the values of the parameters ξ i taken from the nonleptonic kaon decay data analysis (see eq. (19) ) are presented in the Table 3 . The experimental cutoffs used in the experiments being taken into account. The theoretical values of Table 3 are in a good agreement with the experimental data presented in the Table 4 . For the estimates of the interference contributions, the approximation δ can be used with a good accuracy. The results of our previous calculations of the s-wave ππ-scattering phases and K → ππ amplitudes [46, 1] were also involved in the numerical calculations. Fig.5 shows the spectrums of the center-of-mass γ energy, E γ , for
It is worth noting that the decays K ± → π ± π 0 γ were expected to be the most suitable source of the experimental information about the direct CP violation in the charged kaon decays. Thus, for example, in [47] the large values of charged asymmetries of the branching ratio and differential distributions of K ± → π ± π 0 γ decays were predicted. These large charged asymmetries were expected to originate from the interference of the IB amplitude and E1-transition. However, neither a charge asymmetry nor interference effects could be found in experiments [39, 40, 41] . This experimental situation may easily be understood on the basis of the results for Table 3 . Indeed, the DE amplitude is dominated by M 1 transitions arising from diagrams with anomalous vertices and the contribution of E1 transition to the branching ratio of the decay K + → π + π 0 γ is about of three orders of magnitude smaller then M 1 contribution. It is for this reason that interference between E1 and IB amplitudes is suppressed and a charge CP -asymmetry was not observed in the experiment. The value of charge asymmetry of branching ratio of
decays, corresponding to the imaginary part of the coefficient c 5 (20) , is
The dependence of charge asymmetries for branching ratio and the spectrum of the center-of-mass γ energy on top quark mass are shown in fig.6 .
Conclusions
In this paper the possibility of selfconsistent description of nonleptonic and radiative kaon decays within chiral bosonized Lagrangians have been demonstrated and CP -violation effects in K → πγ * → πe + e − and K → ππγ decays have been estimated with explicit accounting of the gluonic and electromagnetic penguins. In particular, the CP -violating one-photon exchange mechanism of K 0 L → π 0 e + e − decay seems to be available for the experimental investigation and the direct CPviolating K 0 L → π 0 e + e − transition can in fact compete with indirect CP -violation contribution for m t ≥ 100GeV . On the other hand it was shown that, within present limits of experimental accuracy, effects of CP -violation cannot be observed in the decays K ± → π ± π 0 γ. and its absolute value is presented here. Fig.6 . Dependence of the asymmetries of the branching ratio and of the spectrum of the centerof-mass γ energy for K ± → π ± π 0 γ decays on the top quark mass. 
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